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Singularity-reduced integral relations are developed for displacement discontinuities in three-dimensional, anisotropic
linearly elastic media. An isolated displacement discontinuity is considered ﬁrst, and a systematic procedure is followed to
develop relations for the displacement and stress ﬁelds induced by the discontinuity. The singularity-reduced relation for
the stress is particularly important since it is in a form which allows a weakly-singular, weak-form traction integral equa-
tion to be readily established. The integral relations obtained for a general displacement discontinuity are then specialized
to an isolated crack and to dislocations; the relations for dislocations are introduced to emphasize their direct connection
to corresponding results for cracks and to allow earlier independent ﬁndings for these two types of discontinuities to be put
into proper context. Next, the singularity-reduced integral equations obtained for an isolated crack are extended to allow
treatment of cracks in a ﬁnite domain, and a pair of weakly-singular, weak-form displacement and traction integral equa-
tions is established. These integral equations can be combined to obtain a ﬁnal formulation which is in a symmetric form,
and in this way they serve as the basis for a weakly-singular, symmetric Galerkin boundary element method suitable for
analysis of cracks in anisotropic media.
 2008 Published by Elsevier Ltd.
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Boundary value problems for cracks in homogeneous, linearly elastic media can be formulated conveniently
in terms of singular integral equations. The development of these integral equations typically rests upon
Somigliana’s identity, which is an expression for the displacement at a point in the interior of the body in
terms of the displacement and traction acting on the surface of the body. From this identity, a displacement
integral equation is readily obtained but, as is well-known, this integral equation is insuﬃcient to properly
treat crack problems since it lacks information about the traction acting on the crack. For this reason, it is
necessary to establish a traction integral equation for the crack.0020-7683/$ - see front matter  2008 Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2007.09.030
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strain–displacement relations and Hooke’s law. However, the integral equation obtained in this fashion
involves a hyper-singular kernel (of order 1/r3) which requires special theoretical and numerical consider-
ations. In particular, in a numerical treatment of the integral equation it is necessary to satisfy the requirement
that the derivative of the displacement be continuous (hence ruling out the use of standard Co elements) and to
employ special integration techniques (e.g. Gray et al., 1990; Martha et al., 1992; Martin and Rizzo, 1996;
Martin et al., 1998).
Toward alleviating the diﬃculties posed by the hyper-singular kernel, singularity-reduced traction integral
equations have been sought through a regularization process involving an integration by parts. In the context
of three-dimensional crack modeling, the ﬁrst such singularity-reduced traction integral equation is the
strongly-singular (of order 1/r2) relation obtained independently by Bui (1977) and Weaver (1977). This inte-
gral equation is restricted to mode-I loading of a planar crack in an unbounded domain, but the result was
later generalized by Sla´dek and Sla´dek (1982) to allow treatment of curved cracks and mixed-mode loading.
It should be noted that while the kernel appearing in these equations is strongly-singular rather than hyper-
singular, there remains the requirement that the derivative of the relative crack-face displacement be contin-
uous. To eliminate this requirement, it is necessary to develop a weak-form statement of the traction integral
equation in such a way that an additional integration by parts can be performed to render the kernel weakly-
singular (of order 1/r).
The ﬁrst weakly-singular, weak-form traction integral equation for fracture analysis appears to be that by
Gu and Yew (1988). Their development rests upon Weaver’s (1977) strongly-singular traction integral equa-
tion and, as such, is restricted to an isolated planar crack subjected to mode-I loading. A generalization of this
work was carried out by Xu and Ortiz (1993) who developed a variational boundary integral equation to treat
an isolated crack with arbitrary geometry and mixed-mode loading. To obtain their integral equation, Xu and
Ortiz (1993) utilized the fact that the relative crack-face displacement can be represented in terms of a contin-
uous distribution of dislocation loops. A limitation of this result is that it applies only for a crack in an
unbounded domain.
Li and Mear (1998) and Li et al. (1998) presented a technique for regularizing both the displacement and
traction integral equations associated with three-dimensional isotropic media, and by using this technique they
were able to obtain a pair of weakly-singular, weak-form integral equations applicable to cracks in a ﬁnite
domain. We remark that their ﬁnal formulation is closely related to that of Bonnet (1995) for elasticity prob-
lems in the absence of a crack. Li et al. (1998) used the pair of weakly-singular displacement and traction inte-
gral equations as the basis for a symmetric Galerkin boundary element method, and they successfully
implemented the formulation to allow treatment of general boundary value problems for bodies containing
cracks (also see Frangi et al., 2002; Frangi, 2002). Their development is, however, restricted to isotropic mate-
rial behavior.
Modeling anisotropic material behavior within the context of singular integral equations is quite challeng-
ing due to the complexity of the associated fundamental solutions, and for this reason work on modeling
cracks in three-dimensional anisotropic media is modest in comparison to that for isotropic material behavior.
The singularity-reduced traction integral equation developed by Sla´dek and Sla´dek (1982) applies for general
anisotropy, but (in addition to the limitations already mentioned) it explicitly involves the stress fundamental
solution which is diﬃcult to compute for anisotropic material behavior. More recently, Sla´dek et al. (1998)
established completely regularized integral equations for anisotropic media which are applicable to cracks
in both unbounded and ﬁnite domains. There remains the requirement that the derivative of the relative
crack-face displacement be continuous and, further, the integral equations involve both the gradient of the
displacement fundamental solution and the stress fundamental solution.
Work toward developing weakly-singular, weak-form traction integral equations for cracks in anisotropic
media is particularly limited. Becache et al. (1993) utilized a double layer potential technique along with the
Fourier transform to obtain a regularized integral equation for three-dimensional anisotropic elastodynamics.
Their ﬁnal result is in the frequency domain and is left expressed in terms of the Fourier transform variables
associated with the spatial coordinates. In principle, the result can be specialized to the static case by taking a
limit in which the frequency tends to zero, but the treatment of this limiting process as well as the subsequent
inversion of the Fourier transform appears to be non-trivial. Recently, Xu (2000) utilized Lothe’s (1982)
Fig. 1. Schematic of an isolated discontinuity.
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(1993) to allow treatment of an isolated crack in an anisotropic medium.
In this paper we develop weakly-singular, weak-form integral equations for cracks in generally anisotropic
ﬁnite domains. The integral equations are analogous to those developed for isotropy by Li and Mear (1998)
and Li et al. (1998), but it should be noted that the extension to anisotropy requires an approach quite distinct
from that employed in those earlier studies. The displacement and traction integral equations which are estab-
lished can be combined to obtain a ﬁnal formulation which is in a symmetric form, and in this way they serve
as the basis for the development of a weakly-singular, symmetric Galerkin boundary element method suitable
for analysis of cracks in anisotropic media.
We ﬁrst consider an isolated displacement discontinuity and, by introducing certain special decompositions
for the strongly-singular and hyper-singular kernels which appear in the integral relations for displacement
and stress, we systematically develop singularity-reduced integral relations for these ﬁeld quantities. The sin-
gularity-reduced relation for the stress is particularly important since it is in a form which allows a weakly-
singular, weak-form traction integral equation to be readily established. The results for an isolated crack then
form the basis to treat cracks in a ﬁnite domain. Indeed, treatment of a ﬁnite domain requires only results
obtained for the unbounded domain, and the ﬁnal displacement and traction integral equations involve
exactly the same set of weakly-singular kernels.
We remark that while this work is principally concerned with the modeling of cracks, the singularity-
reduced integral relations which are developed for an unbounded domain apply to an arbitrary displacement
discontinuity. Included as a special case are dislocations in an anisotropic elastic medium, and this case is dis-
cussed in detail to allow the direct connection between results for dislocations and cracks to be emphasized
and, in particular, to allow earlier ﬁndings for these two types of discontinuities to be put into proper context.
2. Integral relations for discontinuities
Consider a homogeneous, anisotropic, linearly elastic domain containing an isolated displacement discon-
tinuity as shown schematically in Fig. 1. The surface of the discontinuity is comprised of an upper and lower
surface1 Sþc and S

c , respectively, and these surfaces are geometrically coincident such that their unit normals
(taken to be directed ‘into’ the discontinuity) satisfy nþi ¼ ni . It is assumed that the domain in which the
discontinuity is embedded is free of body force and that remote loading is absent. Further, it is assumed that,
as is typical, the traction acting on the discontinuity is locally self-equilibrated in that it satisﬁes t+ = t at
each point on the geometrically coincident surfaces.1 Here and in what follows, the superscripts + and  are used to indicate that the quantity is associated with the ‘upper’ and ‘lower’
surface of the crack, respectively.
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displacement u at a point x in the domain in terms of data on the surface of the discontinuity. With S  Sþc and
ni  nþi , this well-known result takes the form2 Th
notatioupðxÞ ¼ 
Z
S
Spijðn xÞniðnÞDujðnÞdSðnÞ ð1Þin which the kernel Spij corresponds to the stress induced by a unit concentrated load acting in the pth coor-
dinate direction2, and where DujðnÞ  ½uþj ðnÞ  uj ðnÞ denotes the jump in displacement across the discontinu-
ity (i.e. the relative displacement of the two geometrically coincident surfaces associated with the
discontinuity). Utilizing this form of Somigliana’s identity, an integral relation for the stress is readily
obtained asrlkðxÞ ¼
Z
S
Rlkij ðn xÞniðnÞDujðnÞdSðnÞ; ð2ÞwhereRlkij  Elkpq
oSpij
onq
ð3Þin which Elkpq are the elastic moduli. These integral relations apply for points x which are not on the surface of
the discontinuity and, owing to the singular kernel in (1) and the hyper-singular kernel in (2), proper care must
be exercised in considering a limit as x approaches this surface. In particular, when (2) is to be utilized to ob-
tain a relation for the traction on the surface of the discontinuity, it is necessary to properly treat and interpret
the limit in terms of a Hadamard ﬁnite part integral.
We now distinguish two special types of displacement discontinuities: the ﬁrst is a dislocation for which
bi  Dui is a prescribed constant, and the second is a crack for which the traction ti  tþi ¼ ti is prescribed
and the relative crack-face displacement Dui is to be determined (subjected to the condition that it vanishes
along the edge of the discontinuity, viz. the crack front). For the latter case it is important to note that the
displacement relation (1) does not contain information about the traction acting on the discontinuity, hence
it is ‘degenerate’ and does not provide a basis for obtaining a useful integral equation for the unknown relative
crack-face displacements. Instead, attention must necessarily be directed toward the stress relation (2) and,
speciﬁcally, toward its use in obtaining a traction integral equation.
Now, for either of these two types of discontinuities it is of interest to regularize the integral relations to
render them more suitable for numerical analysis. What is sought is to reduce the ‘strength’ of the singularity
associated with the kernels by means of an integration by parts. Such results are well-known in the ﬁeld of
dislocation mechanics (e.g. Hirth and Lothe, 1982; Lothe, 1982), and more recently there has been signiﬁcant
work directed towards achieving such regularization for cracks (e.g. Xu and Ortiz, 1993; Li and Mear, 1998;
Becache et al., 1993; Xu, 2000). The purpose of the work presented in this paper is to provide a straightfor-
ward, complete development of such singularity-reduced integral equations for application to displacement
discontinuities in anisotropic media.
3. Development of singularity-reduced relations
We ﬁrst provide an overview of the regularization strategy utilized to obtain singularity-reduced integral
relations, after which we develop in detail the kernels which appear in these relations. The development is car-
ried out in the context of an isolated discontinuity as introduced above. However, we emphasize that the pri-
mary objective of this work is to develop a full set of weakly-singular, weak-form equations applicable to
treatment of cracks in a ﬁnite domain, and these results will be established using the results obtained for
an isolated discontinuity. In this context we remark that whereas a displacement integral equation following
from (1) is not essential for treating an isolated crack (when it is the relative crack-face displacements Dui or,e use of both superscripts and subscripts in expressing the cartesian components of tensor valued quantities is simply a matter of
nal convenience. See Appendix A for a description of the notation adopted for the fundamental solution.
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for developing strategies to treat general fracture problems. For this reason, a singularity-reduced displace-
ment integral equation is discussed even for the case of an isolated discontinuity.
Toward developing the singularity-reduced integral equations, we ﬁrst establish their existence in terms of
certain weakly-singular kernels. Explicit partial diﬀerential equations governing these kernels are derived and,
after the overall form of the integral equations is established, these diﬀerential equations are solved by an
application of the Radon transform. Results are obtained for general displacement discontinuities, and these
results are then specialized to dislocations and cracks. We begin with the displacement integral equation after
which a treatment of the stress is provided leading, ﬁnally, to a weakly-singular, weak-form traction integral
equation.
3.1. Displacement
As a means to develop a singularity-reduced displacement integral equation, we introduce a decomposition
for Spij which is analogous to that utilized by Li and Mear (1998) in their treatment of isotropic media. Spe-
ciﬁcally, we writeSpijðn xÞ ¼ F pijðn xÞ þ Hpijðn xÞ ð4Þ
in whichHpij  djp
o
oni
1
4pr
 
; ð5Þwhere r = kn  xk is the distance between the ﬁeld point n and the source point x. Since
Spij;i ¼ Hpij;i ¼ djpdðn xÞ ð6Þin which d(n  x) is the 3-D Dirac delta function centered at x, it follows that F pij is divergence free everywhere
including the source point x. This fact guarantees existence of the representationF pijðn xÞ ¼ ikm
oGpmjðn xÞ
onk
; ð7Þwhere the kernel Gpmj is weakly-singular at n = x in the sense that it is of order 1/r as r! 0. Using (4) and (5),
and expressing the stress fundamental solution Spij in terms of the displacement fundamental solution U
i
j, Eq.
(7) gives rise to the following system of partial diﬀerential equations to be solved for the kernel Gpmj:ikm
oGpmjðn xÞ
onk
¼ Eijab oU
p
aðn xÞ
onb
 djp ooni
1
4pr
 
: ð8ÞFor isotropic material behavior it is relatively simple to evaluate Gpmj by means of a ‘direct integration’ of these
partial diﬀerential equations (see Li and Mear, 1998), but such an approach is extremely diﬃcult, if not impos-
sible, for general anisotropy due to the complicated nature of the fundamental solution. However, an explicit
solution can be obtained in a straightforward fashion by exploiting the Radon transform, and this solution
will be presented further below.
Now, upon using (4) and (7) to re-express the stress fundamental solution which appears in the displace-
ment integral relation (1), and then integrating by parts via Stokes’ theorem, we obtainupðxÞ ¼
Z
S
Gpmjðn xÞDmDujðnÞdSðnÞ 
I
oS
Gpmjðn xÞDujðnÞdnm 
Z
S
Hpijðn xÞniðnÞDujðnÞdSðnÞ; ð9ÞwhereDm ¼ nllsm oons
ð10Þis a surface diﬀerential operator. We note that the kernel Hpijni (which also arises in the context of integral rep-
resentations for Laplace’s equation) is weakly-singular, hence the integral relation (9) does in fact involve only
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readily taken with the result1
2
RupðyÞ¼
Z
S
GpmjðnyÞDmDujðnÞdSðnÞ
I
oS
GpmjðnyÞDujðnÞdnm
Z
S
HpijðnyÞniðnÞDujðnÞdSðnÞ ð11Þin which RupðyÞ  ½uþp ðyÞ þ up ðyÞ. While this relation is not of primary interest in our development, it does
provides the additional information required to (separately) determine the displacement of the upper and low-
er surfaces of the discontinuity. Before pursuing the displacement integral equation further, we turn our atten-
tion to establishing the existence of singularity-reduced relations for the stress and traction.
3.2. Stress and traction
The kernel Rlkij ðn xÞ which appears in the stress relation (2) is hyper-singular in the sense that it is of order
1/r3 as r! 0. Toward establishing a singularity-reduced alternative to (2), we ﬁrst note that (see Appendix A)Rlkij;iðn xÞ ¼ 
o
oni
Eijkldðn xÞ
  ð12ÞandRlkij;lðn xÞ ¼ 
o
onl
Eijkldðn xÞ
 
: ð13ÞThat is, the divergence of Rlkij with respect to either ni or nl vanishes everywhere except at the source point x
where it possesses a singularity in terms of a derivative of the Dirac-delta function. This observation motivates
a decomposition of Rlkij ðn xÞ asRlkij ðn xÞ ¼ ~Rlkij ðn xÞ  Eijkldðn xÞ; ð14Þ
where ~Rlkij is divergence free (with respect to ni and nl) everywhere including the source point x. It then follows
that there exists a representation in the form~Rlkij ðn xÞ ¼ ism
o
ons
lrt
o
onr
Ctkmjðn xÞ; ð15Þwhere the kernel Ctkmj is weakly-singular at n = x in the sense that it is of order 1/r as r! 0. Upon combining
(14) and (15), and then expressing Rlkij in terms of the displacement fundamental solution, we obtain the system
of diﬀerential equations governing Ctkmj asism
o
ons
lrt
o
onr
Ctkmjðn xÞ ¼ ElkpqEijab
o2Upaðn xÞ
onqonb
þ Eijkldðn xÞ: ð16ÞSolution of these equations is deferred to the next section.
We now use the results presented above to obtain a singularity-reduced relation for the stress ﬁeld induced
by the displacement discontinuity. A key observation in this regard is that, for any point x in the domain (i.e.
x 62 S), the validity of (2) is unaltered by replacing the kernel Rlkij with ~Rlkij ; this follows immediately from the
decomposition (14) and the fact that, for x 62 S, the term involving the integral of the Dirac delta function van-
ishes. Upon combining (2) with the representation (15), integrating by parts via Stokes’ theorem, and utilizing
the translational property of the kernel Ctkmj to exchange a derivative with respect to nr for one with respect to
xr, we obtainrlkðxÞ ¼ lrt oWtkoxr ; ð17Þwhere the quantityWtkðxÞ ¼ 
I
oS
Ctkmjðn xÞDujðnÞdnm þ
Z
S
Ctkmjðn xÞDmDujðnÞdSðnÞ ð18Þ
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The relation (17) for the stress at an internal point x is well-suited to obtain an integral equation for the
traction acting at a point y 2 S on the surfaces of discontinuity. Indeed, to do so we simply form nl(y)rlk(x)
and take a limit as x! y with the resulttkðyÞ ¼ DtWtkðyÞ: ð19Þ
Finally, a weakly-singular weak-form traction integral equation follows by multiplying (19) by a continuous
test function Du˜k(y), integrating the result over the surface of the discontinuity, and employing Stokes’ theo-
rem to obtainZ
S
D~ukðyÞtkðyÞdSðyÞ ¼
I
oS
D~ukðyÞWtkðyÞdyt 
Z
S
DtD~ukðyÞWtkðyÞdSðyÞ: ð20Þ3.3. Solution for Gpmj and C
tk
mj
The existence of the kernels Gpmj and C
tk
mj has been established, and it has been shown that these two kernels
are governed by the system of diﬀerential Eqs. (8) and (16), respectively. In this section we provide a solution
for the kernels through an application of the Radon transform. As a starting point, we summarize the use of
the Radon transform to obtain the displacement fundamental solution. This procedure is well-known (we note
in particular the description given by Bacon et al., 1978), but it is presented here since certain intermediate
results will be needed in the development to follow.
For a unit point load acting in an unbounded anisotropic solid, Navier’s equation (governing the displace-
ment fundamental solution) takes the formEijkl
o2Upkðn xÞ
onionl
¼ djpdðn xÞ: ð21ÞUpon an application of the Radon transform (see Appendix B) we ﬁndzizlEijkl
o2 bUpkðz; a z  xÞ
oa2
¼ djpdða z  xÞ; ð22Þwhere f^ ðz; a z  xÞ denotes the transform of a function f(n  x) (in the transform domain {a,z} in which a is
a scalar and z is a unit vector). With (z,z)jk  ziEijklzl, (22) can be solved for o2 bUpa=oa2 with the resulto2 bUpaðz; a z  xÞ
oa2
¼ ðz; zÞ1ap dða z  xÞ; ð23Þwhere ðz; zÞ1 denotes the inverse of the symmetric tensor (z,z). An application of the inverse transform rule
(79) then leads toUpaðn xÞ ¼
1
8p2r
I
zr¼0
ðz; zÞ1ap dsðzÞ ð24Þin which the integral is to be evaluated over a unit circle kzk = 1 on a plane normal to the vector r = n  x.
Note that the integrand is well-deﬁned at every point along the contour as a result of the positive deﬁniteness
of (z,z) and, clearly, the kernel Upa is singular only at n = x and is of order 1/r as r! 0.3.3.1. Kernel Gpmj
Taking the Radon transform of (8) givesikmzk
oG^pmjðz; a z  xÞ
oa
¼ Eijabzb oU^
p
aðz; a z  xÞ
oa
 djpzi ooa
d1
4pr
 
: ð25ÞUpon forming the derivative of (25) with respect to a, noting that (see Appendix B)
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d1
4pr
 
¼ dða z  xÞ ð26Þand utilizing (23), we obtainikmzk
o2G^pmjðz; a z  xÞ
oa2
¼ Upijdða z  xÞ ð27Þin whichUpij ¼ djpzi  Eijdczcðz; zÞ1dp : ð28ÞNow, a particular solution of (27) can readily be constructed by expressing Upij in terms of the product of ikmzk
and a certain function as follows:Upij ¼ diaUpaj
¼ diadkbzkzbUpaj
¼ ðikmabm þ dibdkaÞzkzbUpaj
¼ ikmabmzkzbUpaj þ zizaUpaj
¼ ikmzk abmzbUpaj
 
:
ð29ÞNote that the epsilon–delta identity ijkipq = (djpdkq  djqdkp) has been used along with the fact that zaUpaj ¼ 0.
With (29) and the identity abmzazb = 0, (27) becomesikmzk
o2G^pmjðz; a z  xÞ
oa2
¼ ikmzk abmzbzcðz; zÞ1dp Eajdcdða z  xÞ
h i
ð30Þand a particular solution of (30) follows by inspection with the resulto2G^pmjðz; a z  xÞ
oa2
¼ abmzbzcðz; zÞ1dp Eajdcdða z  xÞ: ð31ÞBy employing the transform inversion rule, the kernel Gpmj is then obtained asGpmjðn xÞ ¼
1
8p2r
ðabmEajdcÞ
I
zr¼0
ðz; zÞ1dp zbzc dsðzÞ: ð32ÞAs in the case for the displacement fundamental solution (24), the kernel Gpmj is singular only at n = x and is of
order 1/r as r! 0.3.3.2. Kernel Ctkmj
Upon taking the Radon transform of (16) and utilizing (23), we ﬁnd thatismlrtzszr
o2C^tkmjðz; a z  xÞ
oa2
¼ Kijkldða z  xÞ; ð33ÞwhereKijkl ¼ Eijkl  EijeoElkndzozdðz; zÞ1en : ð34ÞBy proceeding in a fashion analogous to that used to obtain Gpmj, we seek a particular solution of (33) by
expressing Kijkl in terms of a product between the linear operator ismlrtzszr and a certain function. By employ-
ing the epsilon–delta identity and the fact that zaKajkl = 0, it follows that
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¼ diadspzszpKajkl
¼ ðismapm þ dipdsaÞzszpKajkl
¼ ismapmzszpKajkl þ zizaKajkl
¼ ismapmzszpKajkl:
ð35ÞUpon further manipulation (now ‘on the index l’), we ﬁndKijkl ¼ ismapmzszrdlbdrpKajkb
¼ ismapmzszrðlrtbpt þ dlpdrbÞKajkb
¼ ismpamlrtpbtzszrKajkb þ ismalmzszbKajkb
¼ ismlrtzszr pampbtKajkb
  ð36Þ
in which the epsilon–delta identity has been used yet again along with the fact that zbKajkb = 0. With (33) and
(36), it is evident that a particular solution for o2C^tkmj=oa
2 is given byo2C^tkmjðz; a z  xÞ
oa2
¼ pampbtKajkbdða z  xÞ ð37Þand the kernel Ctkmjðn xÞ is obtained by utilizing the transform inversion rule with the resultCtkmjðn xÞ ¼ 
1
8p2r
I
zr¼0
pampbtKajkb dsðzÞ: ð38ÞBy exploiting the identity ðz; zÞijðz; zÞ1ij ¼ 3, a more concise relation is obtained asCtkmjðn xÞ ¼
1
8p2r
Atkoemjdn
I
zr¼0
ðz; zÞ1en zozd dsðzÞ; ð39Þwhere Atkoemjdn is a constant (which depends only on the elastic moduli) given byAtkoemjdn ¼ pampbt EbkndEajeo 
1
3
EajkbEdneo
 
: ð40ÞNote that the kernel Ctkmj is singular only at n = x and is of order 1/r as r! 0, and that the kernel Ctkmj possesses
the symmetry Ctkmj ¼ Cmjtk .
3.3.3. Summary of the kernels
Let Kkilj be the fourth order tensor deﬁned byKkiljðn xÞ 
1
8p2r
I
zr¼0
ðz; zÞ1ij zkzl dsðzÞ: ð41ÞThen the kernels fGpmj;Ctkmjg can be expressed in succinct form as
Gpmj ¼ abmEajdcKbdcp ; Ctkmj ¼ AtkoemjdnKoedn ð42Þin which Atkoemjdn is given by (40) and, further, the displacement fundamental solution can be expressed in terms of
Kkilj as U
p
a ¼ Kkakp.
We remark that an alternative form for Kkilj in terms of an integral on the real line can be readily obtained in
a fashion analogous to that commonly employed for the displacement fundamental solution. Let z = a co-
sa + b sina with a 2 [0,2p] and with {a,b} being orthonormal vectors which lie in a plane perpendicular to
r = (n  x). Then it can be shown thatKkilj ¼
1
4p2r
Z 1
1
~CijðpÞHklðpÞ
ð1þ p2ÞjCðpÞj dp ð43Þin which
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~CijCjk ¼ jCðpÞjdik; ð45Þ
Hkl ¼ akal þ ðakbl þ albkÞp þ bkblp2; ð46Þwhere p = tana, jC(p)j denotes the determinant of C, and (a,b)ij = akEkijlbl. The evaluation of this integral (via
contour integration) involves, as usual, determining the roots of a sextic equation (e.g. Ting and Lee, 1997;
Wang, 1997), and diﬀers from that for the displacement fundamental solution only in a minor way associated
with the additional term Hkl and the two simple poles at p ¼ 
ﬃﬃﬃﬃﬃﬃ1p which arise from the presence of zkzl in
(41).
4. Dislocations and cracks
The singularity-reduced integral relations developed above apply to an arbitrary displacement discontinuity
in an unbounded domain. The special cases of dislocations and cracks are of particular interest, and in this
section we discuss these two cases in detail.
4.1. Dislocations
For the special case of a dislocation, bi  Dui is constant and the singularity-reduced integral Eq. (9) gives
rise to a generalization of Burgers’ equation for anisotropic media given byupðxÞ ¼ 
I
oS
bjG
p
mjðn xÞdnm 
1
4p
bpXðxÞ; ð47ÞwhereXðxÞ ¼ 4p
3
Z
S
Hpipðn xÞniðnÞdSðnÞ ð48Þis the solid angle to the surface. As shown in Appendix C, the solid angle can be computed in terms of an
integral on oS asXðxÞ ¼ 4p
I
oS
xmðn; xÞdnm ð49Þwith the ‘generating function’ xm given byxmðn; xÞ ¼ 1
3
Z
CðxÞ
mrtHprpðn gÞdgt ð50Þin which C(x) is any path, originating at x and extending to inﬁnity, which does not intersect the discontinuity.
When C(x) is taken to be a straight line, the integral in (50) can be integrated analytically to obtainxmðn; xÞ ¼ 1
4p
mktekpt
ð1þ eipiÞ
1
r
ð51Þin which p is a unit vector along the path (directed toward x) and ek  (nk  xk)/r. A piecewise-linear path is
also readily treated, so in this sense it is always possible to choose a path which does not intersect the discon-
tinuity and which is such that a simple closed-form relation for xm can be obtained. Having determined xm,
we can now evaluate the displacement entirely in terms of a line integral asupðxÞ ¼ 
I
oS
bj G
p
mj þ djpxm
 
dnm: ð52ÞWe remark that the jump in displacement across the discontinuity is manifested in the fact that the path must
be taken to be directed ‘away from’ the discontinuity in such a way that it does not intersect the surface.
A line integral representation for the stress ﬁeld induced by a single dislocation follows from (17) as
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I
oS
bjC
tk
mjðn xÞdnm ð53Þand this relation can be used to obtain a line integral representation for the interaction energy associated with
a pair of dislocations. Toward this end, let the ﬁrst dislocation have loop oS1 and Burgers’ vector b1i , let the
second have loop oS2 and Burgers’ vector b2i , and let r
2
lk be the stress ﬁeld induced by the second dislocation
were it present in the absence of the ﬁrst. Then the interaction energy Wint is given by (see Hirth and Lothe,
1982)W int ¼
Z
S1
r2lkn
1
l b
1
k dS ð54Þin which the superscript on the surface of integration and the unit normal serve to indicate that they are asso-
ciated with the ﬁrst dislocation. Upon use of (53) and an application of Stokes’ theorem, it can then be shown
thatW int ¼ 
I
oS1
I
oS2
b1kb
2
jC
tk
mjðn yÞdnm dyt: ð55ÞWe remark that, upon a proper interpretation of terms, the expression (55) for interaction energy can be ob-
tained directly from the weak-form traction integral equation (see Li and Mear, 1998).
4.2. Cracks in an unbounded domain
Consider a crack on which tractions ti  tþi ¼ ti are prescribed. What is sought is the relative crack-face
displacement Dui, and the weakly-singular, weak-form traction integral equation provides a basis for a numer-
ical procedure to determine these quantities. The relative crack-face displacement must vanish along the crack
front, and consistent with this we choose the test function D~ui to also possess this feature. Then the contribu-
tion from the line integral term in (20) vanishes and the weak-form traction integral equation simpliﬁes toZ
S
D~ukðyÞtkðyÞdSðyÞ ¼ 
Z
S
Z
S
Ctkmjðn yÞ½DtD~ukðyÞ½DmDujðnÞdSðnÞdSðyÞ: ð56ÞWe emphasize that the kernel in this integral equation is weakly-singular (so that the integrals exist in the or-
dinary sense and the relative crack-face displacement data need only be continuous) and that it represents a
symmetric weak-form equation for the unknown relative crack-face displacements. Once these quantities are
determined, other information of interest (i.e. the displacement and stress ﬁelds and, most importantly, the
stress intensity factors) can readily be found.
4.3. Relation between kernels for dislocations and cracks
As is clear from the development above, the same kernels necessarily appear in the singularity-reduced inte-
gral relations for both dislocations and cracks. We now discuss the non-uniqueness of the kernels fGpmj;Ctkmjg
and make certain connections to earlier results obtained within the context of modeling dislocations and
cracks.
It is evident from the representations (7) and (15) that the kernels Gpmj and C
tk
mj are not unique. Indeed, given
a particular pair of kernels fGpmj;Ctkmjg, the quantities fGpmj; Ctkmjg for whichGpmj ¼ Gpmj þ
oLpj
onm
; Ctkmj ¼ Ctkmj þ
oMtkj
onm
þ oN
k
mj
ont
ð57Þare also valid kernels. Here Lpj , M
tk
j and N
k
mj are arbitrary (suitably well-behaved) tensors, but for our purposes
it suﬃces to restrict attention to those which are functions of r = (n  x) and which are homogeneous of de-
gree k = 0.
Now, for the special case of isotropy, Li and Mear (1998) carried out a direct integration of (7) to obtain the
particular kernel
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1
8pð1 mÞr ð1 2mÞmpj þ ajm
rarp
r2
h i
ð58Þin which m is Poisson’s ratio. We note that, while it may not be immediately evident, this kernel is identical to
that appearing in Burgers’ equation for the displacement ﬁeld induced by a dislocation (Burgers, 1939; Hirth
and Lothe, 1982). In an analysis of dislocations in an anisotropic medium, Indenbom and Orlov (1968) devel-
oped a line integral representation for the displacement ﬁeld and in this way established a kernel Gpmj (also see
Lothe, 1983); the kernel (32) coincides with their result. We remark that, when specialized to isotropy, the ker-
nel given by (32) reduces to (58) along with an additional term which can be expressed in the form oLpj=onm (see
Appendix D).
For isotropy, Li and Mear (1998) obtained the particular kernel Ctkmj given byCtkmjðrÞ ¼
l
4pð1 mÞr ð1 mÞdtkdmj þ 2mdkmdtj  dkjdtm 
rkrj
r2
dtm
h i
ð59Þin which l is the shear modulus. The ﬁrst kernel obtained for isotropy appears to be that obtained by Blin
(1955) in his analysis of the interaction energy for dislocation loops (also see Hirth and Lothe, 1982). Blin’s
kernel diﬀers from (59) by terms of the form oMtkj =onm and oN
k
mj=ont (see Appendix D) and, while the simplic-
ity of (59) may be preferable for numerical analysis, the two kernels are equivalent by (57). We remark that
other (equivalent) kernels have been obtained within the context of integral equation representations for
boundary value problems in isotropic linear elasticity, and we note in particular the work of Nedelec
(1982) and Bonnet (1995).
For anisotropy, the only previously available explicit kernel Ctkmj seems to be that developed by Lothe (1982)
in his analysis of the interaction energy between two dislocation loops. Lothe’s kernel is given byCtkmjðn xÞ ¼ 
1
8p2r
I
zr¼0
umvwtszvzs Eujkw  zczdðz; zÞ1en EujecEdnkw
h i
dsðzÞ ð60Þand in Appendix D it is demonstrated that the kernel given by (39) is an equivalent, reduced form of this
kernel.
5. Cracks in a ﬁnite domain
We now turn attention to a ﬁnite body which contains an embedded or surface breaking crack as shown
schematically in Fig. 2. The boundary of the domain which the body occupies consists of an ‘ordinary’ bound-
ary So and the crack surface S
þ
c [ Sc . Consistent with the previous development for an isolated crack, atten-
tion is restricted to cases in which body force is absent and for which the traction loading on the crack is such
that tþi ¼ ti . Further, we let Sc  Sþc and, for convenience, we introduce S = So [ Sc.
Now, Somigliana’s identity gives the displacement up at a location x within the domain asFig. 2. Schematic of a ﬁnite body containing cracks.
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Z
So
Upj ðn xÞtjðnÞdSðnÞ 
Z
S
Spijðn xÞniðnÞvjðnÞdSðnÞ; ð61Þwhere the quantityvjðnÞ ¼
ujðnÞ; n 2 So
DujðnÞ; n 2 Sc

ð62Þhas been introduced for convenience. From the expression for the displacement, we readily obtain an integral
relation for the stress at points within the domain asrlkðxÞ ¼ 
Z
So
Sjlkðn xÞtjðnÞdSðnÞ þ
Z
S
Rlkij ðn xÞniðnÞvjðnÞdSðnÞ: ð63ÞWe seek a regularization of these integral expressions and, speciﬁcally, we seek a pair of weakly-singular,
weak-form displacement and traction integral equations which form the basis of a symmetric Galerkin bound-
ary element method analogous to that developed for isotropy by Li et al. (1998). We note that if the boundary
value problem under consideration is one in which tractions are prescribed on the entire surface, then a weak-
form traction integral equation suﬃces to obtain a symmetric formulation. However, when displacements are
prescribed on a portion of the ordinary boundary a symmetric formulation can only be achieved by employing
both a weak-form traction integral equation and a weak-form displacement integral equation.
Consider ﬁrst the displacement given by (61). Since the displacement fundamental solution is weakly-sin-
gular, only the term involving the stress fundamental solution requires regularization. Such a regularization
is readily achieved by employing the decomposition (4) and then integrating by parts over the entire surface
via Stokes’ theorem. After carrying out this process, the limit as x tends to a point on the ordinary boundary
can be easily formed, and with y 2 So being any such point we ﬁnd1
2
upðyÞ ¼
Z
So
Upj ðn yÞtjðnÞdSðnÞ þ
Z
S
Gpmjðn yÞDmvjðnÞdSðnÞ 
Z
S
niðnÞHpijðn yÞvjðnÞdSðnÞ: ð64ÞWe remark that a limit in which x tends to a point on the crack surface can also be treated (see (11) for the case
of an isolated crack) but, owing to the fact that the crack is subjected only to prescribed tractions, such an
expression is not required for establishing a symmetric formulation. Upon multiplying (64) by a test function
~tp and integrating the result over the ordinary surface So, we obtain a weakly-singular, weak-form displace-
ment integral equation as1
2
Z
So
~tpðyÞupðyÞdSðyÞ ¼
Z
So
~tpðyÞ
Z
So
Upi ðn yÞtiðnÞdSðnÞdSðyÞ þ
Z
So
~tpðyÞ
Z
S
Gpmjðn yÞDmvjðnÞdSðnÞdSðyÞ

Z
So
~tpðyÞ
Z
S
niðnÞHpijðn yÞvjðnÞdSðnÞdSðyÞ: ð65ÞConsider next the stress given by (63). To regularize this integral relation, we utilize the decomposition (4) for
the strongly-singular kernel Sjlk and the decomposition (14) for the hyper-singular kernel R
lk
ij , and then we car-
ry out an integration by parts via Stokes’ theorem. The resulting singularity-reduced stress relation forms a
basis to establish a traction integral equation for points y 2 So [ Sc via a limiting process similar to that em-
ployed in the context of an isolated crack. The ﬁnal form of traction integral equation is given bycðyÞtkðyÞ ¼ Dt
Z
So
Gjtkðn yÞtjðnÞdSðnÞ 
Z
So
nlðyÞHjlkðn yÞtjðnÞdSðnÞ þ Dt
Z
S
Ctkmjðn yÞDmvjðnÞdSðnÞ;
ð66Þ
wherecðyÞ ¼ 1=2; y 2 So;
1; y 2 Sc:

ð67Þ
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Z
S
cðyÞ~vkðyÞtkðyÞdSðyÞ ¼
Z
S
Dt~vkðyÞ
Z
So
Gjtkðn yÞtjðnÞdSðnÞdSðyÞ
þ
Z
S
~vkðyÞ
Z
So
nlðyÞHjlkðn yÞtjðnÞdSðnÞdSðyÞ
þ
Z
S
Dt~vkðyÞ
Z
S
Ctkmjðn yÞDmvjðnÞdSðnÞdSðyÞ;
ð68Þwhere~vkðyÞ ¼
~ukðyÞ; y 2 So
D~ukðyÞ; y 2 Sc

ð69Þin which u˜k and Du˜k are test functions associated with So and Sc, respectively. The weakly-singular, weak-form
displacement integral Eq. (65) and the weakly-singular, weak-form traction integral Eq. (68) represent a gen-
eralization (to anisotropic media) of the work by Li and Mear (1998) for isotropic media.
6. Conclusion
Singularity-reduced integral relations have been established for displacement discontinuities in anisotropic,
linearly elastic media. An arbitrary isolated discontinuity has been treated ﬁrst, and both a weakly-singular
displacement integral equation and a weakly-singular, weak-form traction integral equation have been estab-
lished for this case. The development of these results rests upon two key representations: one for the stress
fundamental solution in terms of a curl of a function as given by (4) and (7), and one for the hyper-singular
kernel in terms of a double curl of a function as given by (14) and (15). These representations apply, of course,
irrespective of the speciﬁc type of displacement discontinuity under consideration and, as a consequence, the
kernels fGpmj;Ctkmjg which are obtained necessarily pertain to both dislocations and cracks.
For an isolated crack, the result of primary interest is the weakly-singular, weak-form traction integral
equation given by (20). A particular solution for the kernel Ctkmj which appears in this relation is given by
(39), and we note that this kernel is simpler, yet equivalent, to the kernel obtained by Lothe (1982). Lothe’s
analysis is carried out speciﬁcally in the context of the energy of interaction between dislocation loops. How-
ever, as the present development makes clear, his kernel does in fact have a direct connection to the weak-form
traction integral equation for a crack without need for additional manipulations such as those employed by
Xu (2000).
We note that an alternative representation of the hyper-singular kernel in terms of four curls of a function
has been utilized in earlier investigations on cracks in isotropic and anisotropic media (e.g. Nishimura and
Kobayashi, 1989; Bechache et al., 1993). In particular, Bechache et al. (1993) employed such a representation
to establish a weakly-singular, weak-form traction integral equation for elastodynamic crack problems. Their
kernel is left in terms of the frequency and Fourier transform variables; were it successfully specialized to the
static case and the result inverted to obtain an expression in the physical domain, there would remain the need
to take two curls of the resulting function to arrive at a kernel Ctkmj. While such a calculation is straightforward
for isotropy, for anisotropy it would likely lead to a complicated ﬁnal expression. The use of four curls of a
function to represent the hyper-singular kernel (which is a fourth order tensor) is perhaps motivated by the
Beltrami stress function representation for a symmetric, divergence free second order tensor. As shown here,
however, the hyper-singular kernel can be properly represented in terms of only two curls of a function, and
the use of this lower order representation signiﬁcantly simpliﬁes the analysis. We also note that the two-curl
representation admits a straightforward generalization to piezoelectricity; this will be discussed elsewhere.
Now, the primary objective of this work has been to develop singularity-reduced integral relations for
cracks in a ﬁnite domain. The representations established in the context of treating an isolated discontinuity
have been utilized for this purpose, with the ﬁnal result being a pair of weakly-singular,weak-form displace-
ment and traction integral equations. These integral equations can be employed to obtain a symmetric formu-
lation analogous to that established for isotropic media by Li and Mear (1998), and, in turn, this result can be
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value problems for cracks in anisotropic, linearly elastic media. Details of the development and implementa-
tion of such a SGBEM will be presented elsewhere.
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Appendix A. Discussion of Upi , S
p
kl and R
kl
ij
We denote the displacement and stress associated with the unit Kelvin state as fUpi ; Spklg such that, for a
concentrated load Fp acting at a point x, the displacement and stress at a point n are given by
uiðn xÞ ¼ Upi ðn xÞF p and rklðn xÞ ¼ Spklðn xÞF p, respectively. With partial diﬀerentiation with respect
to ni denoted by a comma (i.e. (Æ),i  o(Æ)/oni), the Kelvin state satisﬁesSpkl;k ¼ EklijUpi;jk ¼ dlpdðn xÞ; ð70Þ
where d(n  x) is the Dirac-delta function centered at x. For purposes of presentation, we refer to Upi as the
‘displacement fundamental solution’ and to Spkl as the ‘stress fundamental solution’.
Eq. (12) is readily established by using (70) and noting the symmetries of the elastic moduli (speciﬁcally,
Eijkl = Elkji). Eq. (13) follows fromRlkij;lðn xÞ ¼ ElkpqSpij;ql ¼ ElkpqEijmnUpm;nql
¼ EijmnElkpqUmp;qnl ¼ EijmnSmlk;ln
¼  Eijkldðn xÞ
 
;l
;
ð71Þwhere the reciprocity-relation Upi ¼ Uip has been employed in addition to (70). We note that the conditions
(12) and (13) have been utilized in various earlier investigations (e.g. Nishimura and Kobayashi, 1989; Becache
et al., 1993; Bonnet, 1995).
Appendix B. Radon transform
Here we provide only a brief summary of certain properties of the Radon transform which are pertinent to
our development. See Bacon et al. (1978) for a more in depth summary, and see Deans (1983), Gel’fand et al.
(1966), and Helgason (1999) for an extensive discussion of this integral transform.
The Radon transform involves two independent transform parameters: a unit vector z and a scalar a with
1 < a <1. For a given z and a, the relation z Æ n = a deﬁnes a plane in Euclidian space R3, and the Radon
transform of a (scalar, vector or tensor valued) function f = f(n) is deﬁned in terms of an integral over such
planes asf^ ðz; aÞ ¼ Rff g ¼
Z
zn¼a
f ðnÞdSðnÞ ¼
Z
R3
f ðnÞdða z  nÞdV ðnÞ: ð72ÞThe function f(n) is then given in terms of its Radon transform f^ ðz; aÞ by the inversion formulaf ðnÞ ¼  1
8p2
Z
jjzjj¼1
o2f^ ðz; aÞ
oa2
" #
zn¼a
dSðzÞ ð73Þin which the integration is taken over the surface of the unit sphere kzk = 1. Certain useful properties and re-
sults concerning the Radon transform are summarized below.
(1) The Radon transform of a derivative of a function satisﬁes
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of ðnÞ
onk
 
¼ zk of^ ðz; aÞoa : ð74Þ(2) The Radon transform of the Dirac-delta function d(n  x) is given by
Rfdðn xÞg ¼ dða z  xÞ: ð75Þ(3) Let r = (n  x) and r = krk, and recall thatD
1
4pr
 
¼ dðn xÞ: ð76ÞThe Radon transform of (76) gives rise too2
oa2
d1
r
 
¼ 4pdða z  xÞ: ð77Þ(4) Let f = f(n  x) be a function whose Radon transform can be expressed in the form
o2f^ ðz; a z  xÞ
oa2
¼ gðz; a z  xÞdða z  xÞ: ð78Þin which g is some (suitably well-behaved) function. Upon applying the inversion formula (73), and using the
fact that d(ax) = d(x)/jaj along with the sifting property of the Dirac-delta function, it is found thatIf ðn xÞ ¼  1
8p2r zr¼0
g z; z  ðn xÞ½ dsðzÞ ð79Þin which the integral is to be evaluated over the unit circle kzk = 1 on a plane deﬁned by z Æ r = 0.
Appendix C. Discussion of the solid angle X(x)
The quantity Hpip admits a representation in the formHpipðn xÞ ¼ 3ikm
oxmðn; xÞ
onk
; ð80Þwherexmðn; xÞ ¼ 1
3
Z
CðxÞ
mrtHprpðn gÞdgt ð81Þin which C(x) is any path originating at x and extending to inﬁnity (without passing through the ﬁeld point n).
To establish this result, we ﬁrst note that Hpip ! 0 as r!1, that oHpipðn gÞ=onk ¼ oHpipðn gÞ=ogk and
that oHpkpðn gÞ=onk ¼ 3dðn gÞ. Then from (81) along with the delta–epsilon identity, we ﬁnd3ikm
oxmðn; xÞ
onk
¼
Z
CðxÞ
oHpipðn gÞ
ont
dgt 
Z
CðxÞ
oHpkpðn gÞ
onk
dgi
¼ 
Z
CðxÞ
oHpipðn gÞ
ogt
dgt
¼ Hpipðn xÞ:
ð82ÞSubstituting (80) into (48) yieldsXðxÞ ¼ 4p
Z
S
niðnÞikm oxmðn; xÞonk
dSðnÞ; ð83Þwhich, upon an application of Stokes’ theorem (with x 62 S and with the path C(x) being such that it does not
intersect S), gives rise to
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I
oS
xmðn; xÞdnm: ð84ÞWe remark that a related development (in terms of somewhat diﬀerent notation) is given by Li and Mear
(1998). Finally, we note thatHpij;q ¼ eimt
o
onm
esqtH
p
sj
  diqdjpdðn xÞ; ð85Þ
which can be used along with (47) to obtain a line integral relation for the gradient of the displacement in-
duced by a dislocation.
Appendix D. Equivalence of kernels and reduction for isotropy
The kernel Gpmj given by (32) and the kernel C
tk
mj given by (39) are valid for general anisotropy. To specialize
them to isotropic material behavior we note that for such materials (e.g. Bacon et al., 1978)Eklpq ¼ l dkpdlq þ dkqdlp þ 2m
1 2m dkldpq
	 

ð86Þ
ðz; zÞij ¼ l dij þ
1
1 2m zizj
	 

ð87Þ
ðz; zÞ1ij ¼
1
l
dij  1
2ð1 mÞ zizj
	 

: ð88ÞUtilizing these relations we readily reduce (32) toGpmjðrÞ ¼ GpmjðrÞ
 
ð58Þ þ G
p
mjðrÞ ð89Þand (39) toCtkmjðrÞ ¼ CtkmjðrÞ
n o
ð59Þ
þ CtkmjðrÞ ð90Þin which Gpmj
 
ð58Þ and C
tk
mj
n o
ð59Þ
denote the kernels given by (58) and (59), respectively, and whereGpmjðrÞ ¼
jpk
8p
r;km ð91Þ
CtkmjðrÞ ¼ 
l
8p
dtkr;jm þ dmjr;kt
  ml
4pð1 mÞ dtjr;km þ dmkr;jt
 þ l
16pð1 mÞ
rjrk
r
 
;mt
 ð1 2mÞdjkr;mt
	 

:
ð92Þ
In these relations, r = (n  x), r = krk and a comma indicates partial diﬀerentiation (i.e. (Æ),m  o(Æ)/onm).
Clearly, within the context of the non-uniqueness expressed by (57), the terms Gpmj and C
tk
mj can be discarded
without loss. We remark that the kernels Gpmj
 
ð58Þ and C
tk
mj
n o
ð59Þ
appear to be in their ‘most reduced form’ in
the sense that they do not contain any additional terms in the form of a gradient of a function which can be
discarded by (57).
Next we consider Blin’s (1955) kernel for isotropic media given byCtkmjðrÞ ¼
l
4pð1 mÞr ð1 vÞdtkdmj  ð1 2mÞdmkdjt  djkdmt þ iktpjm
rirp
r2
h i
: ð93ÞUpon employing the identityumvwts ¼ duwðdmtdvs  dmsdvtÞ þ dutðdmsdvw  dmwdvsÞ þ dusðdmwdvt  dmtdvwÞ ð94Þ
it can be shown that this kernel can be re-expressed in the form (90) with the additional term Ctkmj given byCtkmjðrÞ ¼
l
4pð1 mÞ djkr;mt  djtr;km  dmkr;jt
 
: ð95ÞClearly the additional term Ctkmj can be discarded without loss.
1300 J. Rungamornrat, M.E. Mear / International Journal of Solids and Structures 45 (2008) 1283–1301Finally, we consider Lothe’s kernel for general anisotropy. By employing (94), Lothe’s kernel (60) can be
re-expresses asCtkmjðrÞ ¼ CtkmjðrÞ
n o
ð39Þ
þ CtkmjðrÞ þ eCtkmjðrÞ; ð96Þwhere CtkmjðrÞ
n o
ð39Þ
denotes the kernel given by (39) and where the additional terms Ctkmj and eCtkmj are given byCtkmjðrÞ ¼
Eujku
8p
r;mt ð97ÞandeCtkmjðrÞ ¼  18p2r
I
zr¼0
zmztzczdðz; zÞ1en EajecEdnkadsðzÞ: ð98ÞClearly the term Ctkmj can be discarded without loss (since it is in terms of a gradient with respect to nm or nt).
While the term eCtkmj must itself be expressible as a gradient with respect to nm or nt, we do not show this di-
rectly. Rather, we simply verify (by use of the Radon transform) thatism
o
ons
lrt
oeCtkmjðn xÞ
onr
¼ 0 ð99Þhence the term eCtkmj can also be discarded without loss.
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